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Standing Acoustic Waves in a Low Mach Number Shear Flow

Meng Wang* and David R. Kassoyt
University of Colorado, Boulder, Colorado 80309

Acoustic shear flow interactions are studied in a rectangular cavity bounded by impermeable duct walls
parallel to the flow direction and special perpendicular acoustic reflectors that permit the passage of a fully
developed, low Mach number shear flow. Fourier-series-based asymptotic solutions are constructed to provide
an explicit description of the evolution of an initially imposed axial standing wave disturbance. The bulk
convective motion of the shear flow is shown to be responsible for periodic axial waveform deformations.
Additionally, transverse and oblique standing acoustic waves as well as single-frequency bulk oscillations arise
from the refraction of the imposed axial acoustic disturbance by the mean flow velocity gradient. Combinations
of these disturbances give rise to irregular acoustic pressure signals in the duct. Certain refraction induced
transverse and oblique acoustic modes are amplified under resonant conditions. It is shown that, in the
parameter ranges of solid rocket engines, the refraction and bulk convection effects are small, in general.

I. Introduction

HIS work describes the spontaneous evolution of a spa-

tially distributed small initial disturbance imposed on a
low Mach number shear flow in a duct. An initial boundary-
value formulation is used to predict the complete spectrum of
standing wave modes (or equivalently, combinations of travel-
ing waves) generated by the interaction between the initial
disturbance and the shear flow in a finite rectangular region.
The primary objectives of this study are to demonstrate that 1)
refraction of an axial wave arising from the relaxation of the
initial disturbance is the source of a myriad of higher order
(smaller) transverse and oblique acoustic waves, and 2) reso-
nance conditions promote the amplification of a small subset
of refraction induced transverse and oblique wave modes.

Traditional studies of acoustic shear flow interaction!-? ex-
amine the quasisteady properties of a sound wave, of the form
p = F(y)e’—5  propagating in fully developed shear flows
above a flat surface or in a planar duct. Linearization tech-
niques are used to derive the fundamental equation governing
the cross-stream eigenfunction F and the propagation constant
k. Asymptotic solutions'® and numerical solutions?? predict
significant distortion of specific propagating wave modes as a
result of acoustic refraction. When the wave is purely axial
(the fundamental mode), the refraction effect is reflected in
the variation of F(y) across the shear flowfield.

In contrast to the quasisteady linear approach used in Refs.
1-3, Baum and Levine* used numerical methods to solve an
initial boundary-value problem based on the Reynolds-aver-
aged Navier-Stokes equations and the k-e turbulence model.
Their work is aimed at understanding mechanisms for energy
exchange between the acoustic and mean flowfields in solid
propellant rocket engines. In the model problem discussed in
Ref. 4, an initially steady shear flowfield in a rigid walled
axisymmetric cylinder is disturbed continuously at an inlet or
outlet plane to generate unidirectional traveling acoustic
waves. The waves move-only a few acoustic wavelengths be-
fore computations are terminated, so that the quasisteady
solution in Refs. 1-3 is not attained on the short time scale
involved.
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More recently, Wang and Kassoy’ used an initial boundary-
value approach to consider the two-dimensional planar duct
counterpart of the refraction problem studied in Ref. 4. A
systematic perturbation procedure based on the small mean
flow Mach number M is used to demonstrate that nonlinear
effects are O(M) smaller than the refractive contribution to
the total acoustic pressure. The Fourier-series-based solution
in Ref. 5 describes short-time acoustic transients arising from
axial wave interaction with the shear flow, as well as their
evolution into long-time quasisteady forms. In the nonreso-
nant case, the solution includes not only the usual axial prop-
agating mode, but also a finite number of oblique propagating
modes, and an infinite number of nonpropagating bulk modes
that decay rapidly away from the plane acoustic source. When
resonance is present, a pair of amplified, trapped transverse
waves also appear. The distinct modes have not been extracted
from the numerical computations in Ref. 4.

It is of interest to extend the aforementioned traveling wave
models of acoustic shear flow interaction to axially confined
geometries in which multiple wave reflections occur. This is
done in the present work by considering standing waves
trapped between two wave reflectors separated by a finite axial
distance in the duct examined in Ref. 5. The idealized model is
used as a paradigm to demonstrate the surprisingly complex
response of an initially steady shear flow to an imposed axial
velocity disturbance in the confined region and to infer the
acoustic convection and refraction magnitudes in solid rocket
engine chambers. The inclusion of axial wave reflection effects
in this study provides improved relevance to rocket engine
acoustics, in comparison with the previous traveling wave
studies.

Fourier-series-based analytical solutions give explicit modal
response that may not be easily extracted from numerical
data. The initial disturbance generates a leading-order acous-
tic field that is purely axial. It interacts with the shear flow to
generate O(M) acoustic disturbances consisting of purely axial
standing waves, transverse standing waves, oblique standing
waves, and bulk fluid oscillations (Helmholtz modes). The
linear combination of these disturbances gives surprisingly
irregular @(M) pressure signals at a given location that could
be mistakenly identified as a chaotic or turbulent response.
The ratio of initial disturbance wavelength to duct width and
the relationship between the disturbance and resonant fre-
quencies are found to be important factors affecting the re-
fraction magnitude, which is, in general, small except under
resonant conditions. When resonance is present, amplifying
modes exist, which can be represented as pairs of transverse
and/or oblique traveling waves with growing amplitudes. The
results of the present analysis are employed to show that, in
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the parameter ranges of typical solid rocket engine gasdynam-
ics, refraction effects can produce only ©(10%) variations in
acoustic pressure.

II. Mathematical Formulation

The conceptual model of the present acoustic shear flow
interaction study is schematically illustrated in Fig. 1. A fully
developed shear flow sweeps through a parallel duct region of
length L', confined by rigid, impermeable sidewalls at y ' =
+d’. The thermodynamic state of the steady flowfield is
defined by (pg, 04, T§), and the equilibrium speed of sound
¢ =~7YRT;, where R is the gas constant and v the ratio of
the specific heats.

An axially distributed, y '-independent initial disturbance to
the steady flowfield evolves into transient acoustic oscillations
on the acoustic time scale ¢, = L ' /¢, which is much shorter
than the mean flow passage time because the maximum mean
flow Mach number, M = U/, /c{§, is assumed to be small.
Axial velocity components on the left and right boundaries of
the flow configuration are assumed to be strictly equal to the
shear flow velocity U’(y’). In other words, x’ =0 and x’
= L’ represent fixed nodal surfaces for the axial acoustic vel-
ocity. This configuration is highly idealized, but provides an
opportunity to develop an analytical investigation of trapped
acoustic signals in shear flow when multiple wave refections
occur on the axial boundaries.

The dimensionless equations for the compressible, viscous,
and heat-conducting fluid motion in the duct are similar to
those in Ref. 5,

p=pT )
o + M{(pu), + (pv),]1 =0 @
1
pluc + M(uu, + vuy )l = — pr
M 4 1
+ ZR— <uyy + 5 h2u, + 5 hzvxy> 3)
e
1
plvi + M(uvy, + vw))l = — Wpy
M 4 1
+ "R <h2vxx +'3‘ Vyy + 5 uxy> 4)
e

plT, + MuT, +vT,)] = — M(y — )p(u, + )
M ~ 3
hR, P,

+

M
(T, + h?Ty) + 7R,

¢ (5)
where the thermophysical properties have been assumed con-
stant for convenience. Subscripts #, x, and y denote partial
derivatives; R, = U /,.xd’ /v’ is the mean flow Reynolds num-
ber; h =d’/L’ the aspect ratio of the duct; P, the Prandtl
number; and ® the nondimensional dissipation function.
Other nondimensional variables are defined in terms of di-
mensional quantities by

.o T") u’ v’
p.0.T)="——"770> U=—, =
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xl y/ tl
x=2, y=2, =L 6
r” YT a ¥ ©

The subsequent analysis is performed in the parameter
ranges relevant to flow conditions in solid rocket engine cham-
bers (excluding the exit nozzle), where the values of M and R,
are of ©(10~1) and ©(10°), respectively.® Accordingly, it is
reasonable to define the perturbation limit as 1/R,—0, M —0,
and 1/R, < M. In addition, one assumes that the aspect ratio
h < 0Q).
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Fig. 1 Schematic of a parallel shear flow through a planar duct
section containing acoustic disturbances.

Given the steady, fully developed shear flow velocities u =
U(y) and v = 0, one observes from Eqs. (1-5) that the basic
pressure distribution is independent of the y direction, and
that dp/dx = O(M?/hR.), negligible compared to the O(M?)
acoustic pressure to be considered. The high Reynolds number
limit implies that viscous and thermal diffusion exerts little
influence on the fluid motion, except in the thin acoustic
boundary layers adjacent to solid surfaces, typically of thick-
ness less than 1% of the duct width.® In this respect, the
isentropic relations,

p=p"+(9<M> T=p7‘1+(9<M> @)
hR.)’ kR,

together with the transport-free version of Eqs. (2-4) (the
Euler equations) adequately describe the fundamental physical
phenomena in the core flow region.

The traveling wave study in Ref. § is based on acoustic
velocity disturbances of O(M) relative to the shear flow veloc-
ity U(y). The corresponding acoustic thermodynamic distur-
bances muct be O(M?), a magnitude frequently encountered in
stable solid rocket motors, where an absolute pressure oscilla-
tion of 1-2% is often observed. When acoustic perturbations
of the type

u=UQp)+Mi, v =MV ®8)

p=1+M>»p, o=1+M?, T=1+MT (9
are used in the transport-free version of Eqs. (2-4), the follow-
ing equations are obtained for the acoustic variables:

P+t + 9y + MUQ)pc + MP[(0iD)x + (39),1 =0 (10)

o, + MIUW), + U’ ()] + M@, + i)

Dx
=T TG an
By

¥+ MUY, + MY 0o, + 99,) = — m

12)
Equations (10~12) show that the mean flow U(y) affects only
the O(M) acoustic phenomena in the duct. The quadratic
convective terms, representing the nonlinear effect in the wave
system, are even smaller, of O(M?).

The wave field evolves from an initial axially distributed
velocity disturbance;

t=0, i = A sin(k7x), V=p=0 (13)
Since the left and right boundaries are fixed nodal surfaces for
a k4

x=0,1 d=0 (14)

The normal velocity component vanishes on the impermeable
duct sidewalls. For mean flow U(y) symmetric with respect to
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the center plane (y = 0), the problem is symmetric and can be
solved in the region O0<y <1 only. The appropriate y
boundary conditions are

y =0,1 5=0 (15)

HI. Solution Development

The solution to the lowest order approximation to Egs.
(10-15) can be written as

p1 = — A sin(kwt)cos(kwx) (16)
u; = A cos(kxt)sin(k wx) 17)
vi=0 (18)

where py, u,, and v, are defined by the asymptotic expansions

V=¥, + M¥, + O(M?), ¥ =(u,v,p,p,T) (19)
Note that for convenience the caret above ¥, and ¥, has been
dropped. It follows from the isentropic relations (7), (9), and
(19) that
D1 = pis D2=p2 (20

The leading-order solution in Eqs. (16-18) describes an axial
mode with a harmonically time-varying amplitude, indepen-
dent of the mean flow. In order to obtain information about
how the shear flow affects the acoustic modes through convec-
tion and refraction effects, the next-order solutions must be
constructed.

The O(M) acoustic equations derived from Egs. (10-12) and
(19) take the form

P+ Uy + voy, = —UQ)pix 21)

Uy +pu = — UQu—viU'(») (22)
1

Vo + ﬁpZy = —UQ)vik (23)

where density has been replaced by pressure according to Egs.
(20). Equations (16~18) can be combined with Egs. (21-23) to

[1 — (= )"+ Kk (m? + k?) [cos(k"”) - cos(mwt)],

2x(m? + A% — k3 (m?—-k?)
[1 = (= 1" ¥(m? + k?)
4m*—k?)

O =

find the nonhomogeneous wave equation for p,,

1
Daur — <p2xx + PPZyy>
= — 2Ak*72U(y)cos(k mt)sin(k wx) (24)
The forcing function on the right side is y-dependent and
excites fully two-dimensional O(M) acoustic motion.The ini-
tial conditions for p, are simply [cf. Egs. (13), (19), and (21)]
Pt =0)=py(t=0)=0 (25)

The appropriate boundary conditions are derived by applying
the results in Eqgs. (16-23) to Eqgs. (14) and (15), which gives

Pu(x =0)= — AkwU(y)cos(k rt)

(26)
Pulx =1)= — (= DF AkwU(y)cos(k t)

t sin(k wt),

and
Py =0 =ppy=1=0 27

Equations (24-27) constitute a well-defined elementary two-
dimensional hyperbolic system with a distributed source and
axial boundary excitations. One notices that boundary condi-
tions (26) are not compatible with Eq. (25) at 1 =0. As a
result, a pair of propagating discontinuities in p,,, or weak
discontinuities as described by Landau and Lifshitz,” are in-
troduced at x =0and 1t at ¢t = 0.
The solution to Eqs. (24-27) can be written as

B_ cos(knt)sin(kwx) ), “p, cos(nmy)
A n=0 2

+ ¥ Y, emenU, T (k, t)cos(m wx)cos(nTy)
m=0m#k) n=0

@28)

where ¢, and ¢, are the Neumann’s number whose value
equals 1 if the subscript is zero and 2 if it is a positive integer.
The coefficients U, and T, are defined by

1
U, = ZL U(y)cos(nmy) dy (29)
01— (=" kon?® + k?) | 262 - 2
mn = 2a(m? + 7 — k¥)(m? - k?) | m? + k? cos(knt)
~cos (mm)] o)

where 7 =n/h. If m?+ n? = k2, T,,, should be evaluated by
taking the limit m? + 7% — k2—0in Eq. (30), which yields O(¢)
amplification in p,. It can be verified that Eq. (28) satisfies Eq.
(24) as well as all initial and boundary conditions.

A more concise form of the solution is derived by com-
bining the two terms in Eq. (28), which yields

B _ Y em€nl0, 0, (k,t)cos(m mx)cos(n wy)
A m=0m=k n=0
(€Y

where

(32)

In the derivation of Eq. (31), sin(k wx) in Eq. (28) is expressed
in terms of its Fourier cosine series whose derivative converges
to zero instead of its true values at x = 0 and 1. As a result, the
boundary conditions (26) are not satisfied by Eq. (31). How-
ever, Eq. (31) gives correct x derivatives elsewhere, including
the immediate neighborhood of x = 0 and 1. The values of p,
are not affected at all because the series given by Eq. (31) is
uniformly convergent throughout the entire domain. Thus,
one can justifiably use Eq. (31) to evaluate p, everywhere, and
its first derivatives everywhere except at x =0, 1, and at the
locations of weak discontinuities where these derivatives are
not defined. .

The Fourier coefficients of the double series in Eq. (31) are
proportional to U,, which represents the shear flow effects,
and vary with k and ¢. One observes from Eq. (32) that, for
each nonresonant Fourier mode, the coefficient contains two
harmonic functions of time with different frequencies. The
first function, cos(k w¢), has a frequency equal to that of the
distributed forcing function in Eq. (24), or that of the imposed
leading-order acoustic pressure. It describes the time depen-
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dence of the Helmholtz mode of bulk oscillation with x- and
y-dependent amplitudes.

The second cosine function in Eq. (32) is associated with
wave phenomena. For each pair of m and 7, the product

P, = cos (\/ m?+ 7127rt) cos(m wx)cos(nwy) 33)

represents a two-dimensional oblique mode, which can be
decomposed into four plane traveling waves:

P, =i {cos[ m2+ r‘z%r(t—z,},,*)]

+ cos [mr (t —Z )]
[

+ cos [mw (t—z,;,,_ )]} (34)
where
z’;"+=mx+ng/’ gr- =Xy
Nm? & i e Nm?+ e
., —mx+ny . —mx-—ny

Tmrw

are the paths taken by the traveling waves reflecting from duct
walls and the axial acoustic reflectors. The wave paths are
oblique in general. However, when either m = 0 or n = 0, the
traveling waves are either transverse or axial, respectively, and
the number of traveling waves reduces to two. Since Eq. (31)
contains an infinite number of Fourier modes, one concludes
that p, consists of infinite numbers of axial, transverse, and
oblique standing waves, in addition to the bulk oscillation
mentioned earlier. This is in sharp contrast to the results of the
traveling wave study® where only a limited number of wave
modes can propagate along a long duct. The multiple reflec-
tions of acoustic signals on the inserted acoustic reflectors
create a more complex acoustic shear flow interaction re-
sponse.

Although the asymptotic solution given by Egs. (16), (19),
(31), and (32) is derived primarily for processes occurring on
the acoustic time scale of the duct, it is seen to be uniformly
valid on the mean flow passage time scale 1 ~ O(M ~1) as well,
except for the resonant cases. Resonance occurs when the
frequency of a transverse or oblique standing acoustic wave
equals that of the forced vibration. It causes O(¢) amplitude
growth [cf. Eq. (32)] and invalidates the asymptotic expansion
(19) as t ~ O(M ~1). Comparing to the O(z ") resonant growth
found for refraction induced traveling waves,* it is concluded
that a trapped wave system produces faster growth rate for the
resonant mode, owing to the effect of multiple axial reflec-
tions. In general, the asymptotic solution remains valid until
t ~ O(M -2, the time required for the small nonlinear effects
to accumulate, which leads to significant deformation of the
leading-order waveform and possible formation of a weak
shock in the confined geometry.?

A complete solution should include the thin acoustic
boundary layers adjacent to the duct walls. An approach
identical to that used in Ref. 5 can be applied to reveal the
structure of the transport-dominated layers. A preliminary
analysis shows a basically uniform acoustic pressure distribu-
tion across the layer, whose thickness is proportional to the
ratio of the fluid kinematic viscosity to the mode number & of
the basic core pressure disturbance. A multitude of velocity
standing modes induced by the core acoustic flow are strongly
damped by viscous and thermal diffusion to satisfy no-slip
and appropriate thermal boundary conditions.>® Since no fun-
damentally new discoveries are expected from a detailed anal-
ysis, it is not pursued here.

IV. Example Calculations and Discussion
A. Acoustic Convection and Refraction

The effect of a sheared mean flow on acoustic processes can
be more clearly elucidated by rewriting Eq. (31) as p, = py¢
+ par, where

o

pc=AU, Y

m = 0(m # k)

€mOmo(k, t)cos(mmx) (3.6)

pr=24 % Y, €2U0,0mn(k,t)cos(m mx)cos(nmy)
m=0m=k) n=1 (37)

The first component of p,, p,c, contains all of the n =0
Fourier modes. It is directly proportional to the shear flow
velocity averaged across the duct (Uy/2) [cf. Eq. (29)] and is
the correction to the basic acoustic pressure [Eq. (16)] that
would arise in a pure slug flow. This effect; henceforth re-
ferred to as the bulk convection effect, is accountable for the
axial standing wave disturbances and the y-independent part
of the bulk oscillations in p,. The magnitude of bulk convec-
tion increases with the average shear flow velocity and the
mode number k of the basic acoustic disturbance, as can be
shown from Eq. (32). When Mp,c is superimposed on the
basic acoustic pressure p;, the total acoustic pressure remains
one-dimensional, although its waveform is slightly distorted in
the axial direction by a time-dependent periodic function.

The quantity p,z in Eq. (37) arises from convection of the
basic axial acoustic disturbance at the local differential veloc-
ity U(y) — Uy/2. Thus, pag is associated with refraction of the
axially distributed solution p, in Eq. (16) by the shear flow. It
is seen to be intricately related to the specific shear flow
velocity profile through the Fourier coefficients U,. Both
transverse and oblique standing acoustic waves are present,
and amplitude amplification of certain modes is possible as a
result of resonance phenomena. The p,g solution also includes
bulk oscillations with y-dependent amplitudes, as mentioned
in Sec. III.

The general features of the acoustic field described by Egs.
(16), (31), and (32) can be revealed graphically by evaluating
these expressions numerically. In the subsequent calculations,
each Fourier summation is carried out up to the 50th term,
with a truncation error of less than 103 based on comparisons
of the results with those from summations of 100 or more
terms. Three types of shear flows U(y), as well as different
combinations of mode number k£ and duct aspect ratio &, are
employed to generate representative results. The amplitude of
the initial disturbance 4 is kept at unity since both p, and p,
exhibit the same simple proportionality to it. Results are pre-
sented in terms of p,- and p,z, mentioned earlier, for easier
physical interpretation.

Figs. 2a-c display the time variations of the three acoustic
pressure components on the duct wall (¥ = 1) at axial locations
x =0, Y4, and Y, respectively. The wave field is generated by
the relaxation of the initial velocity disturbance # =sin(nx)
(k=1) in a fully developed laminar flowfield described by
U =1-y2, The duct section considered has equal length and
width, so that 7 = V2. In each figure, the solid line denotes the
basic acoustic pressure p;, as calculated from Eq. (16). The
amplitude of its oscillation is seen to decrease from maximum
at the antinode x =0 (cf. Fig. 2a) to zero at the nodal plane
x =V (cf. Fig. 2¢). The long- and short-dashed lines represent
the bulk convective correction p,c and the refractive correc-
tion p,g, calculated from Egs. (36) and (37), respectively. The
former is a y-independent, periodic function of time whose
amplitude and structure vary with axial position x, as ob-
served from the figures. The time response of p,z depends on
both spatial coordinates and exhibits nonperiodic, irregular
oscillatory behavior, as a result of the superposition of signals
with noncommensurate frequencies arising from transverse
and oblique standing modes as well as the bulk modes. The
slope discontinuities on both p,c and p,r curves denote the
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Fig. 2 Time variations of p1, p2c, and pa2g, as calculated from Eqgs.
(16), (36), and (37), respectively, on the duct wall y = 1 at three axial
locations; the acoustic field is generated by the relaxation of an initial
disturbance (¢t = 0) = sin(7x) in a laminar duct flow U = 1-y2; the

duct aspect ratio h = V2.

passage of the weak discontinuities created by the initial jump
in p,, [cf. Eqs. (26)]. The curves in Figs. 2a—c are plotted up to
t =10, at which the mean flow completes one passage through
the duct section if M =0.1, and an axial acoustic signal is
reflected 10 times on the left and right boundaries. Longer-
time calculations produce similar irregular patterns for p,z
while p; and p,¢ continue their periodic variations. It is partic-
ularly interesting to notice in Fig. 2¢ that, although the basic
acoustic pressure p; vanishes, the total acoustic pressure
D =p1+M(pyc +par) is nonzero because a mean flowfield
with shear is present.
The two-dimensional structure of the acoustic pressure due
to refraction (p,g) is illustrated in Figs. 3a and 3b, which
depict p,z distributions in the duct for an acoustic shear flow
system characterized by k=3, A=1/6, and U=1-y2, at
t = % and 7, respectively. The two snapshots are more than six
acoustic time units apart, and thus do not reflect the wave-
form evolution process, which occurs on a much shorter time
scale. The lines of sharp slope changes associated with the
propagating weak discontinuities are obvious on the p,z sur-
faces. The absolute magnitude of the refraction effect is small
because p,gx must be multiplied by M.

LOW MACH NUMBER SHEAR FLOW
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Fig. 3 Distribution of second-order acoustic pressure due to refrac-
tion (p2r) in the duct section, as calculated from Eq. (37); the refrac-
tion effects are generated as the initial acoustic disturbance #(z = 0)
= sin(37x) relaxes in the shear flowfield U = 1— y2; the duct aspect

ratio 4 = 1/6.
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Fig. 4 Time variations of p1, pac, and pyg atx =0, y = 1, generated
by the relaxation of the initial disturbance #(z = 0) = sin(zxx) in

shear flowfields; the duct aspect ratio 2 = V2. ’

B. Effect of Mean Flow Type

Figures 4a and 4b illustrate the time history of p;, pyc, and
Dr at x=0, y =1 under the same conditions as in Fig. 2a,
except for different shear flow velocity types. In Fig. 4a,
U=1-y, corresponding to a fully developed Couette flow in
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the half duct considered. The profile U = (1 —y)"7 is used to
find the results shown in Fig. 4b. It is easily observed from
Figs. 2a, 4a, and 4b that the shear flow described by the
one-seventh power law generates the largest bulk convection
effect p,c because it has  the largest average velocity.
Analogously, the parabolic flow creates a larger bulk convec-
tion effect than the linear flow. The refraction effects for the
linear and parabolic flow types are of comparable magnitude.
The one-seventh power law flow generates the smallest acous-
tic refraction because the velocity gradient is relatively small in
most of the core flow region. The large velocity gradient is
concentrated within a thin layer near the wall that is too
narrow to promote acoustic refraction on a global scale in the
core.

The refraction induced acoustic pressure fluctuations at
specified locations are plotted alone in Figs. 5a and 5b for the
parabolic and one-seventh power mean flow types, under con-
ditions k =1 and & = V4. The solid and dashed lines, represent-
ing p,r at an axial position-x =2 on the center plane (y =0)
and duct wall (y = 1), respectively, resemble each other but are
completely out of phase, implying the relative importance of
refraction in the duct. It is strikingly noteworthy that superpo-
sitions of various linear wave structures resulting from shear
flow interactions with a simple axial disturbance can produce
fairly irregular pressure signals, which might be mistakenly
attributed to nonlinear phenomena had the data been collected
from numerical or experimental investigations. The shear ve-
locity described by the one-seventh power law is again shown
to generate smaller p,g than the other case.

C. Effect of Mode Number and Duct Aspect Ratio

The earlier traveling wave study’ suggests that the magni-
tude of acoustic refraction phenomena is controlled by,
among other parameters, the ratio of the wavelength to the
duct width. For a duct of fixed width, higher frequency waves
induce a relatively larger refraction effect. In the present anal-
ysis, due to the finite axial length of the flow geometry, the
relationship between p,z and the parameters kX and 4 is more
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Fig.5 Time variations of refractive acoustic pressure p:g as calcu-
lated from Eq. (37), at locations x = Y2, y = 0 and 1. The refraction
effects are generated by the relaxation of the initial acoustic distur-
bance #(t = 0) = sin(xx) in shear flows; the duct aspect ratio # = V2.

complex [cf. Egs. (37) and (32)]. Nonetheless, numerical eval-
uations show that when k is away from resonant frequencies
of the duct the same trend is apparent.

The nonresonant p, curves in Figs. 6a and 6b are plotted at
x=0, y=0 and 1 using the same shear flow velocity
U=1-y2 The k and & values are selected such that, while k&
increases from 1 in Fig. 6a to 3 in Fig. 6b, the aspect ratio &
decreases in proportion so that the wavelength-to-duct-width
ratio remains constant. As expected, the refraction induced
pressure fluctuations in the two figures are comparable in
magnitude, and the frequency of fluctuation increases with k.
The p,g signals are all fairly irregular. The location x =0 is
chosen in Figs. 6a and 6b because it corresponds to the
antinode for p,, where p,z curves are of typical magnitude for
both cases. At other x positions, p,g fluctuates in a similar
manner with different rates and amplitudes (see, for example,
Fig. 5a).

Figure 7 shows a near resonant case that results in a long
period beat pattern Here, k =4, h = Y, so that, for m =1
and n =1, m% + % = 17 while k2 16. The P2R curves are
plotted at x = %, y =0 and 1, for U = 1 — y2. Beats of even
longer periods and larger maximum amplitudes can occur at
suitable parameter combinations. If the numerical evaluation
of the solution had been limited to times less than half the beat
period, the result could have been erroneously interpreted as
an amplified mode.

Fully resonant solution behavior is shown in Figs. 8a and
8b, where p,r on the duct wall is depicted at x = 1/10 and
x = Y4, respectively, for U=1-y? and k = 5. In Fig. 8a,
h =1/5, so that the transverse mode (m = 0, n = 1) is ampli-
fied. Figure 8b corresponds to 4 = 1/~+/21, which promotes the
amplification of an oblique mode (m =2, n = 1). One may
observe beat patterns superimposed on the long-time growth
arising from the interference by near-resonant modes.

The considerable enhancement of the refractive acoustic
pressure by resonance requires a new asymptotic solution on
the flow time scale t ~ O(M ~!) to accommodate refraction
phenomena in the leading-order acoustics. Likewise, when

0.0 2.0 4.0 6.0 8.0 10.0

P2r

b)k=3,h=1/6

Fig. 6 Time variations of refractive acoustic pressure pyg at loca-
tions x = 0, ¥ = 0 and 1, generated as the initial acoustic disturbance
it = 0) = sin(k wx) relaxes in the shear flowfield U = 1—y2,
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Fig. 7 Near-resonant variations of refractive acoustic pressure pag
with time at locations x = ¥, » = 0 and 1, as the initial acoustic dis-
turbance #(f = 0) = sin(dxx) relaxes in the shear flowfield U = 1-y2;
the duct aspect ratio h = V.
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Fig. 8 Resonant amplifications of refractive acoustic pressure pg
on the duct wall (y = 1), at specified axial locations, as the initial
acoustic disturbance #(¢t = 0) = sin(57x) relaxes in the shear flowfield
U=1-y2

certain modes oscillate at near-resonant frequencies of the
system, or when the mode number k becomes large and the
aspect ratio 4 small, so that Mp, ~ O(p;), a new theory needs
to be developed.

D. Inferences About Solid Rocket Engine Acousties

Solid rocket combustion chamber dimensions are usually
associated with radius-to-length ratios less than or equal to
©(1). Experimental observations suggest that the first few
acoustic modes, especially the ¥ =1 mode, are most fre-
quently encountered in rocket chambers. Based on this analy-
sis, the convection and refraction induced acoustic pressure
correction terms are at most O(M) relative to the leading-order
acoustic pressure, or O(M?) relative to the overall pressure.
Although resonance in p,g significantly magnifies the acoustic
refraction, it occurs rarely for low k& modes. In fact, the
resonant condition m? + (n/h)> = k? indicates that there can
be no resonant modes if kA <1, which is likely to be the case

given the sizes of & and 4 mentioned earlier. Thus, a mean
flow with M = 0.1 causes at most O(10 ') changes in acoustic
pressure, or ©(10~?) changes in total pressure. The nonlinear
effects, represented by quadratic terms in the convective oper-
ators and responsible for acoustic streaming, are ©(10~1)
smaller. They are of no importance on the time scale consid-
ered here and accumulate only on the longer time scale
t ~ 9(10%.

The resonant phenomenon discussed earlier appears in sec-
ond-order acoustic quantities only and is excited by interac-
tions with a sheared mean flow. It should be distinguished
from the more powerful resonance of leading-order acoustic
pressure in a rocket engine configuration, often associated
with excitations arising from chemical heat release, which is
beyond the scope of this paper.

V. Summary

In this paper, a mathematical model is established to study
the interaction between a low Mach number parallel shear
flow and an axially distributed acoustic disturbance trapped in
a section of a planar duct. The solution development is based
on asymptotic expansions defined for the small mean flow
Mach number limit (M —0). The Fourier-series-based analyti-
cal solution in terms of standing modes gives explicit modal
response of the acoustic shear flow interactions. The major
conclusions are the following:

1) Bulk (slug flow) convection induces purely axial standing
acoustic waves and y-independent bulk oscillations at the
frequency of the imposed initial disturbance. The magnitude
of the bulk convection effect increases with the average shear
flow velocity and the mode number & of the leading-order
acoustic pressure.

2) Refraction generates purely transverse and oblique stand-
ing waves as well as bulk oscillations with both x- and y-de-
pendent amplitudes. The magnitude of refraction increases
with the shear flow velocity gradient, the duct-width-to-length
ratio 4 and the mode number & of the leading-order acoustic
pressure. The refraction size also increases if the frequencies
of the induced acoustic modes become close to the resonant
frequency.

3) Combination of the effects just mentioned gives irregular
pressure signals at given positions in the duct. They are of
O(M) relative to the imposed leading-order acoustic pressure.

4) Axial wave reflections cause faster resonant growth of
acoustic refraction. Resonance does not occur for Ak < 1.

5) Refraction effects are very small in both traveling and
standing wave model studies in the parameter ranges of solid
rocket engines.

The primary point is that quite elementary disturbances can
evolve into surprisingly complex wave structures as a result of
refraction effects, although these effects are small in the pa-
rameter ranges of solid rocket engines. This simplified analysis
gives insight into the acoustic modal interactions with the
shear flow, which have not been extracted from computa-
tional data in past studies. In fact, there appears to be a
specific need to develop data anlysis tools that are capable of
using grid point flow data to determine the propagating wave
patterns present in an acoustically excited shear flow.
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